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1. We want to combine a discrete spacetime with quantum 
processes resulting in a toy model of a quantum field 
theory over that spacetime. 
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1. We want to combine a discrete spacetime with quantum 
processes resulting in a toy model of a quantum field 
theory over that spacetime. 

2. In particular, we aim at fixing the minimum number of 
properties we expect a QFT to possess in a discrete 
spacetime and examine what additional structure we can 
extract from them. 

3. The basic notions we rely upon is the causal structure of 
spacetime 1 and the way quantum systems compose 2 . 
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Every category includes sequential composition of 
morphisms. But we can do better than that! 

7. A monoidal category is a category with a tensor product 
, <S) / with the following assignments: 

(A,B) ^ A® B 

(a4b, c 4 D)^ (A®C ^ B®D) 

8. In physics we think of / <8> g as a joint process running in 
parallel. The tensor product encodes a notion of space. 


9. There is a tensor unit such that I ® A = A and B ® I = B 
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10. A functor is a mapping 

F : C -> D 

between two categories C and D such that 

► Objects X in C are associated to objects F(X) in D. 

► Morphisms / : X — ► Y in C are associated to morphisms 
F(f) : F(X) -> F(D) in D. 

► Sequential composition and identities are preserved. 

11. A functor is monoidal when it preserves the monoidal 
structure. 

12. Preservation of sequential composition is related to time. 
Monoidality is related to space. 
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From a functorial perspective a QFT is a map 


causal structure —> algebra 
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with a binary relation where a < b translates as a 
being in the past of b. 

2. When a is not related to b, we say that a and b are 
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such that x = min 7 and y = max 7 . 
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4. We define a slice X in (C, <) to be an antichain, i.e. a 
subset ECC such that any two distinct x, y £ X are 
space-like separated. 

5. A Cauchy slice , is a maximal slice, i.e. a slice X such that 
every x £ C is causally related to some y £ X. 

6. The future domain of dependence D + (X) of X is 
D + (X) := {x £ C | such that every past-directed causal 
path through x intersects X }. 
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Let 0 := (C, <) be a causal set. The category of all slices on O, 
denoted by Slice [fi], is the monoidal category defined as 
follows: 

1. Objects of SlicefO] are the slices of 0. 

2. The morphism from a slice X to another slice T is denoted 
X ^ r if it exists. Specifically, we say that X A T if and 
only if T C X>+(X). 

3. Slices are composed sequentially in the following manner: 

If X y T and T A A, then X A A. 

4. The identity morphism is X A X. 
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1. The monoidal product on objects £ <S> T is only defined 
when £ and T are space-like separated, in which case it is 
the disjoint union SUT. 

2. The monoidal unit for the tensor product is the empty slice 
0 C C. 

3. The partial monoidal product on objects immediately 
extends to morphisms because: 

S' C £>+(£) and V C D + {Y) =» 



E'ur'C D+{Y,) U D + (T) C D+(E U T) 
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A causal field theory 'I' on O is a monoidal functor 
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\h(£) := Hs of fields over that slice. 
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A causal field theory 'I' on O is a monoidal functor 

Slice[0]—^Hilb. 

1. On objects, associates each slice E to the Hilbert space 
\h(E) := of fields over that slice. 

2. On morphisms, \E r associates E A T to a linear map 
\&(E A T) := Hy, -> Hr- Maps between Cauchy slices are 
unitary operators. 

3. If E A r and V A A, then 

(E A A) = ®(E ^ T) o ^(r A A). 

4. ^(ls) = l<£r(S) 

What about a more quantum informational perspective? 
Category of C*-algebras and CPTP maps. 
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Causal field theory 



5. The empty set of Slice[0] is mapped to the field of complex 
numbers. 

6. Monoidality of the functor on objects says that T associates 
the disjoint union of slices £ LI T to the tensor product 

Hy, <8> Hr of the spaces of fields on the individual slices. 





Causal field theory 


Proposition: Let X ^ X 7 and r r 7 for space-like sep¬ 
arated slices X and F and space-like separated slices X' 
and r'. Consider the field evolution between the disjoint 
unions of slices: 


* ((s 0 r) -> (x' 0 r 7 )) : 'L(x) 0 * (r) -> * (s 7 ) 0 ^(r 7 ) 

Monoidality on morphisms implies that the held evolution 
above factors as the product of the individual held evolu¬ 
tions 'L(S) -> ’L(X') and 'L(r) -> ^(r 7 ): 


^((x ®r)^ (x 7 0 r 7 )) = ^(x -> x 7 ) 0 * (r -> r 7 ) 
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Causal Field Theory 



1. We define the following family of effects, indexed by all 
slices S £ C -N] 

Hi's := T(£ -> 0) 

2. By monoidality we can prove that 

H''E®r = ~~ < 8 > H't 

3. The effects H''s have a clear operational meaning. They 
remove the system from our scope: 


\h(E —>• T) o Hi r = T(E -> T) o T(T -> 0) = T(E -> 0) = -+ s 
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The identification of functorial action with field evolution is the 
core idea of this work. 


Causal structure 

QFT 

Slices (space) 

Hilbert spaces (states) 

Causal relationships (spacetime) 

Linear operators (processes) 

Slice composition 

Process composition 

Identity on Slices 

Identity process 


We accomodate general kind of processes (A possible venue 
for measurement theory in QFT?) 
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The identification of functorial action with field evolution is the 
core idea of this work. 


Causal structure 

QFT 

Slices (space) 

Hilbert spaces (states) 

Causal relationships (spacetime) 

Linear operators (processes) 

Slice composition 

Process composition 

Identity on Slices 

Identity process 


We accomodate general kind of processes (A possible venue 
for measurement theory in QFT?) 

We are currently building connections with QCAs and 
AQFT. 











Thank yon 




